Gossamer supercoductivity and the mean field approximation of a new effective 

Hubbard model 
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We construct a new effective two-dimensional Hubbard model by taking the different electron 
occupancy on site into account. The mean field state of the new Hamiltonian gives rise to the 
gossamer superconducting state proposed by Laughlin recently p|. 



PACS numbers:74.20.-z,74.20.Mn,72.-h,71.10.Fd 

Since the high temperature superconductor of Cu-0 
cuprate was discovered, the mechanism of the supercon- 
ductivity has been attracting much research interesting 
due to various unusual properties of the high T c supercon- 
ductor. A well-known model trying to describe the nor- 
mal state properties is the 2-dimensional Hubbard model 
or t-J model [^],[|. Many analytical and numerical inves- 
tigations on these two models have been carried out [Q . 
Anderson proposed a resonant valence bond (RVB) state 
as a mean field state of the models to explain the undoped 
cuprate as a Mott insulator while the superconductor is 
thought as a doped Mott insulator 0. Although many 
progresses have been made along the clues of the Hub- 
bard model and t-J model, there is no persuasive evidence 
that the theory of the high T c superconductivity of the 
cuprates can firmly based on these two models and var- 
ious extended models of them. Especially, the quantum 
antifcrromagnetic state may always be favorable in these 
two-dimensional models for a small doping. 

In a recent work, Laughlin proposed a new scenario for 
the high T c superconducting cuprate, called the gossamer 
superconductivity Q. The basic notion is that, instead of 
the full projection in the RVB state, which forbits the 
double-occupancy of electrons on a site, a partial projec- 
tion acting on a BCS-type wave function is introduced. 
If the partial projection is not far from the full projec- 
tion, one has a very tiny superfluid density. This is called 
the gossamer superconducitivity. Laughlin's explicit mi- 
croscopic wave function for the gossamer superconductor 
reads 



I*g) = Y[(l - an lT n a ) I *bcs), 

i 

i*bcs> =n( uk + wkc kT ct -k.ii°)' 
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where c ko . is the Fourier component of the electron cre- 
ation operator c\ a on a two-dimensional lattice; = 
c \a- c iu is the electron number operator at site i. The pro- 
jection operator n Q = YiiO- ~ an i^ n i[) for < a < 1 
is the partial Gutzwillcr projection which has an inverse 
Hq 1 = Ui( l + {3 n i1 n n) if " < 1 and = a/ {I -a). The 
BCS superconducting state I^bcs) is defined as usual by 
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A k for the elec- 



where £ k = £k - A* and E k = v£iT 
tron dispersion e^, chemical potential /i and the super- 
conducting gap Ak- It has been pointed out that the 
state |4"g) may be superconducting even at half filling. 
Furthermore, Laughlin has found that the state \^g) is 
the exact ground state of the model Hamiltonian 



(3) 



where &k CT = n a &ko-n 1 for 6k| = M kCk| + u kC-ki and 
&ki = UkCkx — ^kC-kf annihilate the BCS state. Explic- 
itly, 6kcr reads 

&k T = -7= e ' ik ' rj Ml + fail)*?! + w k(l - o^t) c ]J' 



&k| = 77= e ' ik ' rj [«k(l + /3nn)cji - «k(l - an n )c^]. 

j 

(4) 

Laughlin has shown that for any magnitude of a, the 
quasiparticle energies remain at _E k , which indicates the 
psuedogap phenomenon. Right following up Laughlin's 
work, Zhang has checked the gossamer superconductivity 
in a more realistic effective Hubbard model It was 
found that the gossamer superconducting state is simi- 
lar to the RVB superconducting state, except that the 
chemical potential is approximately pinned at the mid of 
the two Hubbard bands away from the half filling. 

Ref. H indicated that the gossamer superconducting 
state may possibly be a good variational state of the effec- 
tive Hubbard model. Nevertheless, it is still in question 
to make an explicit relation between the Hamiltonian (H) 
and that of the effective Hubbard model used in ref. M. 
In this paper, we try to provide a new effective Hub- 
bard model which is the extension of the Hubbard model 
and t-J model. Our extending method is other than all 
the previous extended models of those two models. We 
consider the case that the lattice sites are allowed to be 
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double-occupied by electrons with opposite spins. Be- 
cause of the on-site Coulomb repulsion between electrons, 
the electrons hopping between sites becomes dependent 
on the occupancy of sites. There are three possible hop- 
ping processes that may have different hopping probabil- 
ities (see, Fig. 1). On the other hand, when electrons 
are paired, the coupling between pairs may also be de- 
pendent on the the occupancy of the sites (Fig. 2) while 
the hopping may be dependent on the paring gap. What 
is new by employing such a new effective Hubbard model 
is that the Laughlin gossamer superconducting state may 
be viewed as the mean field state of this model. Namely, 
there is a gossamer superconducting phase in the system 
described by this new effective Hubbard Hamiltonian. 

To extend the Hubbard model, we first write down the 
Hamiltonian of the effective Hubbard model 



H e h = - ^ (UjC^Cja + h.c) + U Y n t-\i 



'• J]] riic + Jy(Sj • Sj 1 
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where we have included the chemical potential term and 
S = ic^To-o-zcv is the local spin operator. One can 
rewrite this Hamiltonian as 

H eh = -Y (*y c L c j* + h -°) ~\Y btjJii^j 



i^jl" 



+ U Y n ^ n ^ ~ ^Y 



(6) 



where D^ = c^Cj^ —c^Cji is the pairing operator. Now, 
we extend this model according to our consideration men- 
tioned above. Due to the different occupant situations as 
shown in Fig. 1, one can extend t%j to be an operator 
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where the first term is the common site-dependent hop- 
ping probability; the second term is corresponding to the 
correction to the hopping process for the occupancy like 
Fig. 1(b) and the third term to that like Fig. 1(c). This 
kind of 'hopping' terms has been met when we deal with 
the magnetic impurity problem [pj . The exact version of 
via a microscopic calculation is not obtained in the 
present work. However, we can estimate them through 
the following physical consideration. It is known that 
tij = — -if X)k £ ke !k '( ri ~ Tj \ Notice that the chemical po- 
tential and the gap-dependence, we can estimate 5^ a Hij 
by 



4 1) = ^E[ a ^ + fei(i? k -a)]e lk - (r 



(8) 
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where the coefficients ai and bi, in principle, depend on 
U and Jij but we are unable to calculate them at present. 
We leave them to be determined later. The a-dependence 
in eq. (0) is because in the limit U — > 0, a — > while 
the hopping probability becomes independent of the site- 
occupancy. 

The coupling between the pairing operators and 
Djj may also dependent on the occupancy of the sites i 
and j (See Fig. 2): 



J i 



J ij + J ii ( n i + n j) + J\i >n * n . 
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with the undetermined coefficients Ai. The extended ef- 
fective Hubbard model we are considering is given by 



H c g — — 2^ (* 

+ +U Y n ^ Ui l - 



h.c)-\^b\ j j ij b i 
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To see the gossamer superconducting state, we con- 
sider the mean field state of the Hamiltonian (11). Using 



the gap order parameter Dij = {Dij) to replace the pair- 
ing operator Dij in the Hamiltonian (pd|), one has, up to 
a chemical potential re-definition, the mean field Hamil- 
tonian is given by 



#mf = - Y fe> c L c iff + h.c) - 2 AljAj 

- \ Y + U Y n A n a ~ Mi? Y Uia ' ( 12 ) 

i^j i i,a 

where Afy = I )' t , Now we make a special choice of 
the parameters such that 



ai = 2/3/a, b\ = (a + (3)/a, 
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and U = Ug and /i/j = /j, + hq with 

k 
k 

Substituting eqs. ( [l3"|) and ( |l4| ) into Hmf, one has 
H mf = ~ Y $j,<r c L c j> + h - c -) + U gY n ^ n H 

+ y (-iy&j,°4<r4« + h.c.) -vgY ( 15 ) 
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where 



E kr l 



+ ^< ~ P 2 ul)n lS n 3s y^- r >\ (16) 



k 

x (1 + (a + (5)n lS + u{5n lS nj a ). 

Substituting the definition (Q) of &k<r into the gossamer 
superconducting Hamiltonian (0) , one can directly check 
that the gossamer superconducting Hamiltonian (||) is 
exactly the same as the mean field Hamiltonian dlq), i.e., 



(17) 



Thus, we find that the gossamer superconducting state is 
indeed a fixed point of the system described by the effec- 
tive Hubbard model ([ll]). If the parameters of the hop- 
ping, exchange, chemical potential and interaction are 
not far from their fixed point values, the system may 
exhibit a gossamer superconductity. 

In conclusions, we have constructed a new effective 
Hubbard model in which the different hopping proba- 
bilities and the pairing couplings are introduced due to 
the different site-occupancy at sites. We showed that 
there is a superconducting phase in such a system since 
the mean field Hamiltonian of this system in a proper 
choice of the parameters is just the gossamer supercon- 
ducting Hamiltonian. Beside the superconducting phase, 
this new effective Hubbard model is anticipated to have 
a fruitful phase structure. In ref. it was shown that 
there is a critical interaction strong U c that separates the 
gossamer superconducting phase from the Mott insultor 
phase. In this new effective Hubbard model, we see that 
even the superconducting gap vanishes or the superfluid 
density is completely suppressed (a — 1), the dispersion 
of electron as well as the interaction between electrons for 
the latter are dependent on the occupancy of the site that 
electrons lying on. We expect these unusual behaviors of 
the electrons may cause unusual normal state properties 
and relate to the anomalous features in the cuprates. It is 
possible that the phase diagram of this model may have 
a better overlap to the cuprate superconductors. The 
further works are in progress. 
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Fig.l Three possible hopping processes, (a) An electron 
at a single-occupant site hops to an empty site; (b) An 
electron at a double-occupant site hops to an empty site; 
(c) An electron with spin a at a double-occupant site 
hops to a site which is occupied by a spin a. 

Fig. 2 Three possible electron pairs depending on the site 
occupancy, (a) the pairs with both sites single-occupied; 
(b) the pairs with one site single-occupied and another 
double-occupied; (c) the pairs with both sites double- 
occupied. 
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